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Components as coalgebras

The motto of a component calculus

e coalgebraic: standard notions of observational equivalence and
refinement;
e typed: components are arrows in a suitable (bi)category;

e point free: reasoning is driven by composition (rather than by
application)

Lifting AoP (Bird & Moor, Algebra of programming, 97)
to the architectural level
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Components as coalgebras

Components as coalgebras with transition ‘shape’
FX = B(X x 0)
i.e., generalised Mealy machines where B is a strong monad, e.g.
e Partiality: B =1d +1
e Non determinism: B =P

e Monoidal labelling: B = Id x M, with M a monoid.

e Probabilistic evolution: B = D with

D = {pe0,1°> pb=1}

beB
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Components as coalgebras
The calculus
Bicategory Cp, parametric on a behaviour monad B
e Objects: sets (interfaces)

e Arrows: seeded F-coalgebras

p=(ueUa,:U— B(Ux O

Concluding

e For each pair (/, O) of objects, a category Cp(/, O) whose arrows

h: (Up, 3p) — (Ug, dq) Up—2=F U,

hl lgh

are seed preserving morphisms.
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Continuous systems

Can continuous evolution be encoded as a computational effect?

... for each input, outputs a (continuous) evolution over time; i.e., an
arrow typed as

|~ ] obd
de[0,00]

where I, O are input and output universes, respectively.

[ — {(f.d) € OT x [0,00] | - g = F}]

where Aq = id < (<4) > d which can be turned into a monad in Top.
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H: A monad for continuous evolution

Concluding

H : Top — Top
HX = {(f,d)e X" xD|f-xg="1}
Hg =g'xid

where D =[0,0c]andg' f=g-f
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H: A monad for continuous evolution

Intuitively,
e 7 (= copy) produces trivial evolutions, i.e., with duration 0

e 1 concatenates evolutions

Unitn : ld - H

nx X = (X’ 0)

Concluding
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H: A monad for continuous evolution

Multiplication p : HH — K

(0-f,d)+w(fd) ifd+#
(0-f, 00) otherwise

px (f,d) = {

where
e 0:3 — Idissuchthatd (f,d)= f0

o (f,d)#(9.e)= (f+4 9,d +e)
where f+y g= f < (<g) > g (- —d)

Concluding
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Kleisli composition

(02 ° C1) X

{ Kleisli composition }
w-Jeo - ¢y x
= { Definition of }, letd = w2 - ¢y x }
p(cz - (fe, x), d)
= { Definition of x }
(0-ca-(fo X) + (fo, (fe, x d)),d +m2(C2- (f, X) d))

= { Definition of + and composition }

(0-c2(fo x =) < (Sa) & o, (fo xd) (- — )| |d+m2(C2(fe xd)) )

whereci: I — K, ¢ :K -+ O.



H computations

Kleisli composition

If c2in(c2 e c1) is pre-dynamical in the sense that
I >3l
\ i"
/

than composition yields sequencing: for the duration of ¢y x, ¢, e ¢1 x
evolves first according to ¢y, and then, on its termination, according to
¢2 which receives as input the endpoint of f;, x.

Otherwise yields a form of superposition.

Note:
0 is an Eilenberg-Moore H-algebra: 6 -nx =idand 6 - u = 6 - H6.
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Kleisli composition

Example
Let ¢1, ¢ : R +— R defined as

cir= (r+(sin _),3n), cr=(r+sin(3 x _),3m)

Ci ® (Cg ° C1)0

Concluding
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Kleisli composition

Example

Introduce an amplifier a: R +— R, where ar= (r x 2,0)
(note that a is not pre-dynamical)

cie(coe(aec))0

Concluding
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Kleisli composition

Example: temperature regulator
Objective: starting at 10 °C, seek to reach and maintain 20 °C, but in
no case surpass 20.5 °C.

Components:

cx=((x+-),200x)
C2Xx=(x+(sin_), 00)
csx=(x < (x<20.5) > 20.5,0)
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Monad H

H computations

c e ;10
25 T T T
20; ””””””””””””” &
>~
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The calculus

Kleisli composition

Form continuous to hybrid components

30

Concluding
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Kleisli composition

C3 ® (Cg ° C1)10
25 T T T

20 |- .

5 10 15 20 25 30

Note that c; is able to play a supervisory role precisely because it is
not pre-dynamical.



The calculus

Composition

e H-Kleisli composition provides the basic composition
mechanism for continuous components

e the structure of Top,, yields its basic laws.

copy e Ci = Cy
Ci1 e COpPYy = C4
(3 ® C2) e Cir=0C3 @ (C2 @ C1)

Co e Ci = (4
if o pre-dynamical and ¢; has an infinite duration



The calculus

Choice

Given two components

I b
0]

define component [cy, ¢2] : /1 + kL -— O which makes the following
diagram to commute,

h . h+bh ~ kb

G % o] C2
(0]

where [—, —] is inherited through the canonical adjunction between
Top and Topy;,.
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Sum:ciBoe:h+b+— 0O+ 0

C1EECQ£ [71\ ° C1,I§ . C2]

Laws
C3 ® [C1,C] =[C3 ® Ci,C3 @ C] (5)
(ciEc) e ih =i o ¢ (6)
(crBc) e =10 e C (7)
copyx H copyy = copyxvy (8)
(diBdy) e (crBec)=(d; o c)B(d @ ) (9)
[di,db] @ (ciEH ) =[d1 e c1,db @ Co] (10)
fBg="ftg (11)

for any continuous functions f: X; — Y;,g: Xo — Ya



The calculus

Wiring

Wires are functions lifted to Top,,:
e A: X + X x X (duplicates evolutions)

e %;: R -— R (amplifies signals)

e 7 : X x Y -— X which eliminates the right side of ‘paired’
evolutions.

e sw: X x Y 4+ Y x X (wire swapping)

As expected,



The calculus

Parallel

Finding limits in a Kleisli category is often more difficult, but

e under the Kleisli adjunction, L 4 R, of a given monad, L
preserves whatever limits the monad does,

e and H preserves pullbacks.

Thus, whenever two systems are compatible — in the sense that for
any input they produce evolutions with equal duration — their parallel
composition can be defined.



The calculus

Parallel
i.e., two systems are compatible when the diagram

/ B
i,
A 1

commutes. Then, ((cy, o)) : | +— (A x4y B) comes through the
mediating arrow (of the pullback):

C2
—t

—t

((c1,02)) = v (c1,¢2)

(c1,c2)

I ((f.d),(g,€)) e HAx HB|d = e} — s H(A x4 B)

v ((£,d),(9,d)) = ({f,9).d)
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Example

c1x = (x—+(sin-),20), cox = (x+sin(3x_),20)

((c1,¢2)) 0

Concluding
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Example
Let + : R x R — R add incoming signals.

T e ((c1,c2)) 0)

Concluding
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Product: ci X o : Iy x b +— Oy x O»

ci¥c = ((c1 o 71,0 @ T2))

Laws
((c1,¢2)) @ d=((c1 ® d,c2 ® d)) (14)
e (c1Xe)=cy e 7y (15)
e (c¥c)=Cc em (16)
{(cr,e))=(c1X ) e 1 (17)
copyx X copyy = Copyxxy (18)
(01 K b) e (ciRcp) = (dy o i) X (db @ C2) (19)
(01 R db) e ((c1,C2)) = ((dy ® C1,0b @ C2)) (20)
fRg="Ffxg (21)
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Synchronised product

e relax the equal duration condition
e definition entails a monoidal structure to functor X, i.e.,

e amorphismm:1 — H1: m= copy
e a natural transformation § : KX x HY — H(X x Y):
5 ((f,d),(g,e)) = ((f,9),d ¥ e)

subjected to the usual conditions.

Concluding
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Synchronised product

Based on the monoidal structure (3, é, m) define

(]C1,C2[) = 5-<C1,C2> : I%HAX}(B—)G‘C(AXB)
and

ci[Slcc= (cy o 1,02 @ T2

Concluding
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Synchronised product

Laws

\%
N

@ ° (]C1,02[) = (]/f ° C1,§ ° Cz[)

a e ((cr,c2), cs) = (e, (c2, c3))

™ e (c,copy) =c

72 e (copy,c) =c¢

sw e (c2[8ct) = (¢ [8¢) - sw

a e ((cr8le)Sles) = (cr8l(e(8le)) -«
copyx [Sl copyy = copyxxy

TBg=fxg
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Form continuous to hybrid components

Hybrid components

SxIl—SxHO

e Add an (internal) state space that behaves in a discrete manner:
given a state (s € S) and an input (i € /), the component transits
(internally) into another state and presents continuous evolutions
that can be directly observed.

e The definition is aligned with both the classical notion of hybrid
system, as a family of continuous systems indexed by a state
space,

e and to the components as coalgebras mentioned above.
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Hybrid components

The cornerstone of this move is tensorial strength for monad X:

T ld x H — H(Id x Id)
x.v (X (f,d)) = ({x,f),d).
which allows us to transport such systems to Top,,, through

c:SxI—SxHO
7-C:SxI—=H(SxO)

Concluding
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Example

The bouncing ball

Let a ball be dropped at some positive height and with no initial
velocity. Due to the gravitational effect, it will fall into the ground but
then bounce back up, losing, of course, part of its kinetic energy in
the process.

e ... regarded as a hybrid component whose (continuous)
observable behaviour is the evolution of its spacial position, and
the internal memory records velocity, updated at each bounce.
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Example
b= 7 (by,b)

e The discrete behaviour by : V x P — V is given

\ by (v,p) = vely(v, zposy(v, p)) x 70.5\

where 0.5 is the dampening coefficient, and

7”‘3”;%*", vely (v,t)=v —at

Zpos, (v, p) =

e The continuous behaviour b, : V x P — HP is

be = (posg, 2posy) |

where

pos, (v,p)t = p+ vt — sat?

Concluding
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Example

The bouncing ball: b= 7 - (by, be)

b®5
8 T T
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Example

Bouncing on the Earth and the Moon

... putting both components in parallel, with the same initial state 0,
allows us to compare their behaviour

(b8 ¢°) (5,5)
8 T T T




Concluding

Related work

Hybrid automata as the de facto formalism for the specification
of hybrid systems, and extensions

e (Bornot,Sifakis,98): new synchronisation mechanisms
¢ (Pnueli,10): taking reaction times into consideration

SIMULINK (the de facto standard tool)
P. Héfner’s (2009) algebra of hybrid systems
E. Haghverdi, P. Tabuada, G. Pappas (2005)

B. Jacos (2000): coalgebras define the discrete transitions, and
monoid actions the continuous evolutions.



Concluding

Current work

e a calculus of hybrid components based on monad H and its
Kleisli category.

e alternative notions of (bi)simulation for continuous and hybrid
systems.

e ataxonomy of continuous, and hybrid systems living in Top,,.

e.g., the notion of robustness (a system is robust if small
changes in the input lead to very similar evolutions) can be
expressed by varying the topology in its source object.
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