
Lens Semantics  
of Machine Learning

Fabio Zanasi 
University College London

1

IFIP WG1.3 Meeting 
January 2022

Based on joint work with 
Geoff Cruttwell, Bruno Gavranovic, Neil Ghani, Paul Wilson



2

x

x
x

Signal	(low	graphs Electrical	Circuits

Petri	nets

Quantum	circuits

Bayesian	networks	
Neural	networks

String Diagrams in Computer Science



n
<latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit><latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit><latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit><latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit>

n
<latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit><latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit><latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit><latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit>

�1
<latexit sha1_base64="WBOXyV7XCI1iJiPFnHk1/xZ3pfg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69RIvgxbIrBT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrUvcO8V+v1zxqt4ceJX4OalAjka//NUbKJrGTFoqiDFd30tskBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTvG5UwY4UtqVtHiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CbIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmldVX2v6t/XKvVaHkcRTuAMLsCHa6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A5SMjcM=</latexit><latexit sha1_base64="WBOXyV7XCI1iJiPFnHk1/xZ3pfg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69RIvgxbIrBT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrUvcO8V+v1zxqt4ceJX4OalAjka//NUbKJrGTFoqiDFd30tskBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTvG5UwY4UtqVtHiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CbIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmldVX2v6t/XKvVaHkcRTuAMLsCHa6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A5SMjcM=</latexit><latexit sha1_base64="WBOXyV7XCI1iJiPFnHk1/xZ3pfg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69RIvgxbIrBT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrUvcO8V+v1zxqt4ceJX4OalAjka//NUbKJrGTFoqiDFd30tskBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTvG5UwY4UtqVtHiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CbIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmldVX2v6t/XKvVaHkcRTuAMLsCHa6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A5SMjcM=</latexit><latexit sha1_base64="WBOXyV7XCI1iJiPFnHk1/xZ3pfg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69RIvgxbIrBT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrUvcO8V+v1zxqt4ceJX4OalAjka//NUbKJrGTFoqiDFd30tskBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTvG5UwY4UtqVtHiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CbIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmldVX2v6t/XKvVaHkcRTuAMLsCHa6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A5SMjcM=</latexit>

Key Ideas
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Graphical notation becomes formal syntax

Example: 
Signal Flow Graphs

and it is given compositional semantics

? ? R1 R2
R; =



Case study: Gradient-Based Learning

4

What are the fundamental semantic structures  
underpinning (gradient-based) learning?



Roadmap
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Plan:
Deconstruct gradient-based learning into  

simple, uniform components.
Each component will be a parametric lens,  

represented as a string diagram.
Learning will be defined by lens composition.



Parametric Maps
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<latexit sha1_base64="7UlfWEm69B0Z8p3wEPOF3bWMhC8=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRF1GWtG5cV7AOaUCbTSTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64GBwzn33rn3BAlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDyX3ud6dUKhaLJz1LqB/hkWAhI1gbaWDbIfLyKQLdIU/HqDmwq07NWQCtE7cgVSjQGthf3jAmaUSFJhwr1XedRPsZlpoRTucVL1U0wWSCR7RvqMARVX622HyOLowyRGEszRMaLdTfHRmOlJpFgamMsB6rVS8X//P6qQ5v/YyJJNVUkOVHYcqROTGPAQ2ZpETzmSGYSGZ2RWSMJSbahFUxIbirJ6+TTr3mXtfqj1fVRrOIowxncA6X4MINNOABWtAGAlN4hld4szLrxXq3PpalJavoOYU/sD5/AMBlknE=</latexit>

f : A ! BPara(C)
C

<latexit sha1_base64="5HrcUJhr1/Md0jOPxEPSafOjSdk=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkpSRF3WunFZwT6gCWUynbRDJ5MwMxFKKW78FTcuFHHrV7jzb5y0WWjrgYHDOfcx9wQJZ0o7zrdVWFldW98obpa2tnd29+z9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9FN5rcfqFQsFvd6nFA/wgPBQkawNlLPPgqRl00RqIE8zSKq0LUhMar37LJTcWZAy8TNSRlyNHr2l9ePSRpRoQnHSnVdJ9H+BEvNCKfTkpcqmmAywgPaNVRgs8yfzE6YolOj9FEYS/OERjP1d8cER0qNo8BURlgP1aKXif953VSHV/6EiSTVVJD5ojDlyJyY5YH6TFKi+dgQTCQzf0VkiCUm2qRWMiG4iycvk1a14l5Uqnfn5Vo9j6MIx3ACZ+DCJdTgFhrQBAKP8Ayv8GY9WS/Wu/UxLy1Yec8h/IH1+QPtw5XZ</latexit>

f : P ⇥A ! B



Composing Parametric Maps
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Parametric Maps
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Example: a neural network is a parametric map in Smooth

<latexit sha1_base64="W2pcvUPaXjVr00neAw9cLlbQDu8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7AM6Y8mkmTY0yQxJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaJKs1g+mElCA4GHkkWMYGMl3xfYjMIwu58+in615tbdGdAy8QpSgwLNfvXLH8QkFVQawrHWPc9NTJBhZRjhdFrxU00TTMZ4SHuWSiyoDrJZ5ik6scoARbGyTxo0U39vZFhoPRGhncwz6kUvF//zeqmJroKMySQ1VJL5oSjlyMQoLwANmKLE8IklmChmsyIywgoTY2uq2BK8xS8vk/ZZ3buon9+d1xrXRR1lOIJjOAUPLqEBt9CEFhBI4Ble4c1JnRfn3fmYj5acYucQ/sD5/AFGi5Ha</latexit>

Rm<latexit sha1_base64="A2wK7tyKoEpkiaJWFsn8Sihh4XY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7AM6Y8mkmTY0kwlJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTSs60cd1vp7Syura+Ud6sbG3v7O5V9w/aOkkVoS2S8ER1Q6wpZ4K2DDOcdqWiOA457YTjm9zvPFGlWSIezETSIMZDwSJGsLGS78fYjMIwu58+in615tbdGdAy8QpSgwLNfvXLHyQkjakwhGOte54rTZBhZRjhdFrxU00lJmM8pD1LBY6pDrJZ5ik6scoARYmyTxg0U39vZDjWehKHdjLPqBe9XPzP66UmugoyJmRqqCDzQ1HKkUlQXgAaMEWJ4RNLMFHMZkVkhBUmxtZUsSV4i19eJu2zundRP787rzWuizrKcATHcAoeXEIDbqEJLSAg4Rle4c1JnRfn3fmYj5acYucQ/sD5/AFID5Hb</latexit>

Rn

<latexit sha1_base64="2dgCvFM3UA6LjlMwdm3D16GVrIg=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7AM6Y8mkmTY0kwlJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTSs60cd1vp7Syura+Ud6sbG3v7O5V9w/aOkkVoS2S8ER1Q6wpZ4K2DDOcdqWiOA457YTjm9zvPFGlWSIezETSIMZDwSJGsLGS78fYjMIwu58+yn615tbdGdAy8QpSgwLNfvXLHyQkjakwhGOte54rTZBhZRjhdFrxU00lJmM8pD1LBY6pDrJZ5ik6scoARYmyTxg0U39vZDjWehKHdjLPqBe9XPzP66UmugoyJmRqqCDzQ1HKkUlQXgAaMEWJ4RNLMFHMZkVkhBUmxtZUsSV4i19eJu2zundRP787rzWuizrKcATHcAoeXEIDbqEJLSAg4Rle4c1JnRfn3fmYj5acYucQ/sD5/AFLF5Hd</latexit>

Rp



Parametric Maps

9

Example: a neural network is a parametric map in Smooth

<latexit sha1_base64="PjD1QieKDRPA9/SIV/qhPxU12mA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkp6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNrnNe+iVr+rVxvXRR0lOIYTOAMPLqEBt9CEFhCQ8Ayv8Oakzovz7nzMR1ecYucI/sD5/AHwGJGh</latexit>

R4

<latexit sha1_base64="dgWs/ciD98yMcdjA9c25H95fa94=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQCiUpRV0W3bisYh/QxDKZTtuhkwczN0IJ+Qg3/oobF4q4deHOv3HSZqGtF2Y4nHMv957jRYIrsKxvo7Cyura+UdwsbW3v7O6Z+wdtFcaSshYNRSi7HlFM8IC1gINg3Ugy4nuCdbzJVaZ3HphUPAzuYBox1yejgA85JaCpvllxfAJjz0tu0/vEUVTyCPIfpoLhugPcZwrXKrW0b5atqjUrvAzsHJRRXs2++eUMQhr7LAAqiFI924rATYgETgVLS06sWETohIxYT8OA6E1uMjOV4hPNDPAwlPoFgGfs74mE+EpNfU93ZhbUopaR/2m9GIYXbsKDKAYW0PmiYSwwhDhLCA+4ZBTEVAOik9C3YjomklDQOZZ0CPai5WXQrlXts2r9pl5uXOZxFNEROkanyEbnqIGuURO1EEWP6Bm9ojfjyXgx3o2PeWvByGcO0Z8yPn8AahyfBA==</latexit>

R4⇥2+2
<latexit sha1_base64="6iawPzOq7qocwdiO0bzCXDh7OEI=">AAACFHicbVC7SgNBFJ2Nrxhfq5Y2g0EQAmE3CWoZtLGMYh6QjWF2MkmGzD6YuSssSz7Cxl+xsVDE1sLOv3E22UITL8xwOOde7j3HDQVXYFnfRm5ldW19I79Z2Nre2d0z9w9aKogkZU0aiEB2XKKY4D5rAgfBOqFkxHMFa7uTq1RvPzCpeODfQRyynkdGPh9ySkBTfbPkeATGrpvcTu8TR1HJQ8h+iAXDFQe4xxSulqrTvlm0ytas8DKwM1BEWTX65pczCGjkMR+oIEp1bSuEXkIkcCrYtOBEioWETsiIdTX0id7US2ampvhEMwM8DKR+PuAZ+3siIZ5SsefqztSCWtRS8j+tG8HwopdwP4yA+XS+aBgJDAFOE8IDLhkFEWtAdBL6VkzHRBIKOseCDsFetLwMWpWyfVau3dSK9cssjjw6QsfoFNnoHNXRNWqgJqLoET2jV/RmPBkvxrvxMW/NGdnMIfpTxucPagqfBA==</latexit>

R2⇥3+3

<latexit sha1_base64="eF7y/AgY2yzJ22KlUPucXFve+ls=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiSlqMuiG5dV7AOaWCbTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//APjzqqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3OR+94lKxWLxoKcJ9SM8EixkBGsjeV6E9TgIsvvZY31gV52aMwdaJW5BqlCgNbC/vGFM0ogKTThWqu86ifYzLDUjnM4qXqpogskEj2jfUIEjqvxsnnmGzowyRGEszRMazdXfGxmOlJpGgZnMM6plLxf/8/qpDq/8jIkk1VSQxaEw5UjHKC8ADZmkRPOpIZhIZrIiMsYSE21qqpgS3OUvr5JOveZe1Bp3jWrzuqijDCdwCufgwiU04RZa0AYCCTzDK7xZqfVivVsfi9GSVewcwx9Ynz/tEJGf</latexit>

R2
<latexit sha1_base64="oc4RQ0b7ff0VCQ9MbjwAE3K78k0=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRa1GXRjcsq9gFNLJPppB06mYSZiVBCfsONC0Xc+jPu/BsnbRbaemDgcM693DPHjzlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadef3OR+94lKxSLxoKcx9UI8EixgBGsjuW6I9dj30/vs8XxQrdl1ewa0TJyC1KBAa1D9cocRSUIqNOFYqb5jx9pLsdSMcJpV3ETRGJMJHtG+oQKHVHnpLHOGTowyREEkzRMazdTfGykOlZqGvpnMM6pFLxf/8/qJDq68lIk40VSQ+aEg4UhHKC8ADZmkRPOpIZhIZrIiMsYSE21qqpgSnMUvL5POWd25qDfuGrXmdVFHGY7gGE7BgUtowi20oA0EYniGV3izEuvFerc+5qMlq9g5hD+wPn8A7pSRoA==</latexit>

R3<latexit sha1_base64="WZJZsRFk0UedokJv7dDcH4ClgT4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0IPpev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwD8R42d</latexit>

l1
<latexit sha1_base64="vfG8Z6PlsAs6rpjp8DaEgRsxeC8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOle9Gv9csVt+rOQVaJl5MK5Gj2y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnXqt5FtX5XrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QP9y42e</latexit>

l2
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<latexit sha1_base64="bbazKq5YzTTqzu2YIN42YGmUsek=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRFVFxV3bisYB/QhDCZ3rRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczrn3zr0nTDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZJJCg2a8ES2Q6KAMwENzTSHdiqBxCGHVji4GfutB5CKJeJeD1PwY9ITLGKUaCMF9qEXE91XUd4DPQo49sYjBb7Cnk7wdWCXnYozAV4k7oyU0Qz1wP7yugnNYhCacqJUx3VS7edEakY5jEpepiAldEB60DFUkBiUn0/OGOFjo3RxlEjzhMYT9XdHTmKlhnFoKidLz3tj8T+vk+nows+ZSDMNgk4/ijKOzYnjTHCXSaCaDw0hVDKzK6Z9IgnVJrmSCcGdP3mRNKsV96xSvTst1y5ncRTRATpCJ8hF56iGblEdNRBFj+gZvaI368l6sd6tj2lpwZr17KM/sD5/AGnSmGc=</latexit>

getl : A ! B

<latexit sha1_base64="toYcfapdBdRGkAt57vzQFSfPzww=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyUpouKq0I0LFxXsA9pQJtObduhkEmYmQgkBN/6KGxeKuPUn3Pk3TtMstPXAwJlz7uXee7yIUals+9sorKyurW8UN0tb2zu7e+b+QVuGsSDQIiELRdfDEhjl0FJUMehGAnDgMeh4k8bM7zyAkDTk92oagRvgEac+JVhpaWAe9QOsxtJPboHLtJL9CGZJIz0bmGW7amewlomTkzLK0RyYX/1hSOIAuCIMS9lz7Ei5CRaKEgZpqR9LiDCZ4BH0NOU4AOkm2Q2pdaqVoeWHQj+urEz93ZHgQMpp4OnKbONFbyb+5/Vi5V+5CeVRrICT+SA/ZpYKrVkg1pAKIIpNNcFEUL2rRcZYYKJ0bCUdgrN48jJp16rORbV2d16uX+dxFNExOkEV5KBLVEc3qIlaiKBH9Ixe0ZvxZLwY78bHvLRg5D2H6A+Mzx8ym5fZ</latexit>

Lens(C) <latexit sha1_base64="Kh7kuhnwwRBhnHR0LUK4z4sQwZg=">AAACDHicbVDNTgIxGOziH+If6tFLIzFAQsiuIeoR8OIRE/lJ2A3pli40dLubtqshGx7Ai6/ixYPGePUBvPk2dmEPCk7SZDIzX9tv3JBRqUzz28isrW9sbmW3czu7e/sH+cOjjgwigUkbBywQPRdJwignbUUVI71QEOS7jHTdyXXid++JkDTgd2oaEsdHI049ipHS0iBfYNBObuGw1Kg0imVoCzoaKyRE8ABLzQpsFss6ZVbNOeAqsVJSAClag/yXPQxw5BOuMENS9i0zVE6MhKKYkVnOjiQJEZ6gEelrypFPpBPPl5nBM60MoRcIfbiCc/X3RIx8Kae+q5M+UmO57CXif14/Ut6VE1MeRopwvHjIixhUAUyagUMqCFZsqgnCguq/QjxGAmGl+8vpEqzllVdJ57xqXVRrt7VCvZnWkQUn4BSUgAUuQR3cgBZoAwwewTN4BW/Gk/FivBsfi2jGSGeOwR8Ynz8vR5iI</latexit>

l : (A,A0) ! (B,B0)

<latexit sha1_base64="hy9OSOWdHACF7BNRsFs0G2YN8ig=">AAACGXicbVC7TsMwFHV4lvIqMLJYVKhMVYIqYGzLwlgk+pCaqHJcp7XqOJF9A6qi/gYLv8LCAEKMMPE3uG0GaLmSpaNz7sPn+LHgGmz721pZXVvf2Mxt5bd3dvf2CweHLR0lirImjUSkOj7RTHDJmsBBsE6sGAl9wdr+6Hqqt++Z0jySdzCOmReSgeQBpwQM1SvYbkhgqIM0TmDSE9idrpS4hl3gIdO4XsKu4oMhEKWiB1wr9QpFu2zPCi8DJwNFlFWjV/h0+xFNQiaBCqJ117Fj8FKigFPBJnk30SwmdEQGrGugJOasl86cTfCpYfo4iJR5EvCM/T2RklDrceibzpmPRW1K/qd1EwiuvJRLY5tJOj8UJAJDhKcx4T5XjIIYG0Co4uavmA6JIhRMmHkTgrNoeRm0zsvORblyWylW61kcOXSMTtAZctAlqqIb1EBNRNEjekav6M16sl6sd+tj3rpiZTNH6E9ZXz+MWZ/7</latexit>

putl : A⇥B0 ! A0

Example: a neural network is a lens in Smooth
<latexit sha1_base64="7UlfWEm69B0Z8p3wEPOF3bWMhC8=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRF1GWtG5cV7AOaUCbTSTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64GBwzn33rn3BAlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDyX3ud6dUKhaLJz1LqB/hkWAhI1gbaWDbIfLyKQLdIU/HqDmwq07NWQCtE7cgVSjQGthf3jAmaUSFJhwr1XedRPsZlpoRTucVL1U0wWSCR7RvqMARVX622HyOLowyRGEszRMaLdTfHRmOlJpFgamMsB6rVS8X//P6qQ5v/YyJJNVUkOVHYcqROTGPAQ2ZpETzmSGYSGZ2RWSMJSbahFUxIbirJ6+TTr3mXtfqj1fVRrOIowxncA6X4MINNOABWtAGAlN4hld4szLrxXq3PpalJavoOYU/sD5/AMBlknE=</latexit>

f : A ! B

<latexit sha1_base64="n2Pnil5kn8YAy3DAjQQL6WLeqDA="></latexit>

(~x, ~y) 7! Jf(~x)
T · ~y

<latexit sha1_base64="gscwMMCW541tSR3px4iH6J9e9rw=">AAACD3icbVC7TsMwFHV4lvIKMLJYVFCmKkEVMLZlYSyIPqQmqhzXaa06TmTfgKqqf8DCr7AwgBArKxt/g/sYoOVIlo7OuQ/fEySCa3Ccb2tpeWV1bT2zkd3c2t7Ztff26zpOFWU1GotYNQOimeCS1YCDYM1EMRIFgjWC/tXYb9wzpXks72CQMD8iXclDTgkYqW2f3LZCH3vjQRKXsQc8YhpX8thTvNsDolT8gMv5tp1zCs4EeJG4M5JDM1Tb9pfXiWkaMQlUEK1brpOAPyQKOBVslPVSzRJC+6TLWoZKYtb6w8k9I3xslA4OY2WeBDxRf3cMSaT1IApMZUSgp+e9sfif10ohvPSHXCYpMEmni8JUYIjxOBzc4YpREANDCFXc/BXTHlGEgokwa0Jw509eJPWzgnteKN4Uc6XKLI4MOkRH6BS56AKV0DWqohqi6BE9o1f0Zj1ZL9a79TEtXbJmPQfoD6zPH3VGmww=</latexit>

R[f ] : A⇥B0 ! A0

<latexit sha1_base64="toYcfapdBdRGkAt57vzQFSfPzww=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyUpouKq0I0LFxXsA9pQJtObduhkEmYmQgkBN/6KGxeKuPUn3Pk3TtMstPXAwJlz7uXee7yIUals+9sorKyurW8UN0tb2zu7e+b+QVuGsSDQIiELRdfDEhjl0FJUMehGAnDgMeh4k8bM7zyAkDTk92oagRvgEac+JVhpaWAe9QOsxtJPboHLtJL9CGZJIz0bmGW7amewlomTkzLK0RyYX/1hSOIAuCIMS9lz7Ei5CRaKEgZpqR9LiDCZ4BH0NOU4AOkm2Q2pdaqVoeWHQj+urEz93ZHgQMpp4OnKbONFbyb+5/Vi5V+5CeVRrICT+SA/ZpYKrVkg1pAKIIpNNcFEUL2rRcZYYKJ0bCUdgrN48jJp16rORbV2d16uX+dxFNExOkEV5KBLVEc3qIlaiKBH9Ixe0ZvxZLwY78bHvLRg5D2H6A+Mzx8ym5fZ</latexit>

Lens(C)
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<latexit sha1_base64="f41rMSjqvhZUI4CmoiOFis9IyK8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4AmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbSS78cURybKhxyn/WrNrbtzkFXiFaQGBZr96pc/SFgWc4VMUmN6nptikFONgkk+rfiZ4SllYzrkPUsVjbkJ8nnmKTmzyoBEibZPIZmrvzdyGhsziUM7Oc+47M3E/7xehtFNkAuVZsgVWxyKMkkwIbMCyEBozlBOLKFMC5uVsBHVlKGtqWJL8Ja/vEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIVneIU3J3NenHfnYzFacoqdY/gD5/MHnAqSEg==</latexit>

get

<latexit sha1_base64="aA//Ci5VVRvfXJw7vAxt49S/Mn4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4AmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BunbRbaemDgcM69zLknTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbSS78cURybK0wyn/WrNrbtzkFXiFaQGBZr96pc/SFgWc4VMUmN6nptikFONgkk+rfiZ4SllYzrkPUsVjbkJ8nnmKTmzyoBEibZPIZmrvzdyGhsziUM7Oc+47M3E/7xehtFNkAtlT+KKLT6KMkkwIbMCyEBozlBOLKFMC5uVsBHVlKGtqWJL8JZPXiXti7p3Vb98uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kDwimSKw==</latexit>

put

Faithful embedding of                in 
<latexit sha1_base64="r7w/ES623I5GtCDbO9rxngzz/Rk="></latexit>

[Lens(C)op, Set] ⇠= Tamb(C)

<latexit sha1_base64="cpfTJkS0aJuavDxr5AjVR4A92n8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuiXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH1veM+Q==</latexit>

l

<latexit sha1_base64="XxMJQVharJu2V6caKcyFROTN+yA=">AAACGHicbVDLSgMxFM3Ud31VXboJFqGC1Bkp6rLoxoULRfuAdiyZ9E4bmskMSUYow3yGG3/FjQtF3Lrzb0ynFbT1QODknHu59x4v4kxp2/6ycnPzC4tLyyv51bX1jc3C1nZdhbGkUKMhD2XTIwo4E1DTTHNoRhJI4HFoeIOLkd94AKlYKO70MAI3ID3BfEaJNlKncNRqB0T3lZ9cgVBpKftRwpOL9OA+CaP0EP8U3IJO3U6haJftDHiWOBNSRBNcdwqf7W5I4wCEppwo1XLsSLsJkZpRDmm+HSuICB2QHrQMFSQA5SbZYSneN0oX+6E0T2icqb87EhIoNQw8U5ktOe2NxP+8Vqz9MzdhIoo1CDoe5Mcc6xCPUsJdJoFqPjSEUMnMrpj2iSRUmyzzJgRn+uRZUj8uOyflyk2lWD2fxLGMdtEeKiEHnaIqukTXqIYoekTP6BW9WU/Wi/VufYxLc9akZwf9gfX5DeWBoPE=</latexit>

[Lens(C)op, Set]

We use string diagrams in 
<latexit sha1_base64="r7w/ES623I5GtCDbO9rxngzz/Rk="></latexit>

[Lens(C)op, Set] ⇠= Tamb(C)
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Parametric lenses = parametric maps in Lens(C)
= maps in Para(Lens(C))
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Example: a neural network is a parametric lens in Smooth
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Basic gradient descent

<latexit sha1_base64="eFZFqdCo5CSLnIqlZs4OSSZ1Hsg=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8lV0RFU+CF48VbBW6pWTT2TY0mw3JrFCW/hQv/hUvHhTRm/4a0+0e/BpIeLw3w8x7kZbCou9/eHPzC4tLy5WV6ura+sZmbWu7bdPMcGjxVKbmNmIWpFDQQoESbrUBlkQSbqLRxVS/uQNjRaqucayhm7CBErHgDB3Vq52ECcOhjfMB4KSXh5YbobH8cSyBDvoTGk4XKaqp69YWU6p7tbrf8Iuif0FQgjopq9mrvYf9lGcJKOSSWdsJfI3dnBkUXMKkGmYWNOMjNoCOg4olYLt5YXBC9x3Tp3Fq3FNIC/b7RM4Sa8dJ5DoLO7+1Kfmf1skwPu3mQukMQfHZojiT1FmcpkX7wgBHOXaAuUzcrZQPmWEcXaZVF0Lw2/Jf0D5sBMeNw6uj+vlZGUeF7JI9ckACckLOySVpkhbh5J48kmfy4j14T96r9zZrnfPKmR3yo7zPL/9FpKc=</latexit>

getgd : p 7! p

<latexit sha1_base64="jWqaQ4gJ/8PlzGJWjl5OrmMKKH0=">AAACFHicbVDNS8MwHE3n15xfU49egkPcUEYrQz0OvXis4D5gLSNN0y4sTUuSKqPsj/Div+LFgyJePXjzvzHrdtDNB4HHe79fkve8hFGpTPPbKCwtr6yuFddLG5tb2zvl3b22jFOBSQvHLBZdD0nCKCctRRUj3UQQFHmMdLzh9cTv3BMhaczv1CghboRCTgOKkdJSv3ziREgNZJCF/hg6k/s4rNqndg06goYDhYSIH3LluNYvV8y6mQMuEmtGKmAGu1/+cvwYpxHhCjMkZc8yE+VmSCiKGRmXnFSSBOEhCklPU44iIt0sDzWGR1rxYRALfbiCufp7I0ORlKPI05N5hHlvIv7n9VIVXLoZ5UmqCMfTh4KUQRXDSUPQp4JgxUaaICyo/ivEAyQQVrrHki7Bmo+8SNpndeu83rhtVJpXszqK4AAcgiqwwAVoghtggxbA4BE8g1fwZjwZL8a78TEdLRiznX3wB8bnDzc/nQE=</latexit>

gd : (P, P ) ! (P, P 0)

<latexit sha1_base64="kmNRYVhrdMwtWEbRCuU4IBrTybQ="></latexit>

putgd : (p, p
0) 7! p+ ✏ p0

Lens(Smooth)

<latexit sha1_base64="kmNRYVhrdMwtWEbRCuU4IBrTybQ="></latexit>

putgd : (p, p
0) 7! p+ ✏ p0
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`Stateful’ optimiser such as Adagrad, Adam, Nesterov, 
Momentum, etc. can be all formalised uniformly as 

reparametrisations.

Lens(Smooth)

<latexit sha1_base64="XOcwkjgcW4vLcnQ8FUmITb9+id8=">AAACJnicbVDLSgMxFM34tr6qLt0Ei6CgZaaIiiAIblwqWBU6pWTSOzWYZEJyRyhDv8aNv+LGhSLizk8xrbPwdSDhcM69JOckRgqHYfgejI1PTE5Nz8xW5uYXFpeqyyuXLssthybPZGavE+ZACg1NFCjh2lhgKpFwldyeDP2rO7BOZPoC+wbaivW0SAVn6KVO9ShWDG9cWvQAO0XsuBUGyxv7EqhWgwE9pJtu22zRGDNq6A6Ne0wpRl2nWgvr4Qj0L4lKUiMlzjrV57ib8VyBRi6Zc60oNNgumEXBJQwqce7AMH7LetDyVDMFrl2MYg7ohle6NM2sPxrpSP2+UTDlXF8lfnIU6rc3FP/zWjmmB+1CaJMjaP71UJpL6tMOO6NdYYGj7HvCfDX+r5TfMMs4+mYrvoTod+S/5LJRj/bqjfPd2vFhWccMWSPrZJNEZJ8ck1NyRpqEk3vySJ7JS/AQPAWvwdvX6FhQ7qySHwg+PgH366VU</latexit>

getnm : (s, p) ! p� �s

<latexit sha1_base64="NLjcoK1HYbd4wUnIh7DSh4CUYpM=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VsoZRE6mNZdOMyUtsKTSiT6aQdOpmEmYlQQr/Ejb/ixoUigiv9G6dpBG29MHA45z7mHC9iVCrT/DJyS8srq2v59cLG5tb2TnF3ry3DWGDSwiELxZ2HJGGUk5aiipG7SBAUeIx0vNHVVO/cEyFpyG/VOCJugAac+hQjpale8dQJkBpKP+HBBDrTfRyWm9BRNCAS2lXY/IEVTYawbFft40qvWDJrZlpwEVgZKIGs7F7xw+mHOA4IV5ghKbuWGSk3QUJRzMik4MSSRAiP0IB0NeRIn3ST1N4EHmmmD/1Q6McVTNnfEwkKpBwHnu5MzcxrU/I/rRsr/8JNKI9iRTieHfJjBrXPaVawTwXBio01QFhQ/VeIh0ggrHSiBR2CNW95EbRPatZZrX5TLzUuszjy4AAcgjKwwDlogGtggxbA4AE8gRfwajwaz8ab8T5rzRnZzD74U8bnN5AmoDE=</latexit>

nm : (S ⇥ P, S ⇥ P ) ! (P, P 0)

<latexit sha1_base64="/vmZHV32du2UAm43aBIGWES6QgQ="></latexit>

putnm : (s, p, p0) 7! (�s+ p0, p� s)



Where we are, so far
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Mean Squared Error
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Mean Squared Error



Where we are, so far
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Variations I: Deep Dreaming

22

Input 
Image

``Over-
processed'' 

Image



Variations I: Deep Dreaming
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Parameter 
Learning

Deep  
dreaming
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Boolean circuitsNeural networks

Variations II: Learning Boolean circuits

Instead of Smooth we work in Bool



Variations II: Learning Boolean circuits
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Boolean 
Model

R[f] is defined inductively on circuit syntax:

+ 0x 1



Discussion
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An algebraic framework for gradient-based learning.
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All components at work in the learning process are 
reduced to a single concept: parametric lenses.

A wide range of optimisers, models, loss maps, etc. 
are instances of the framework.

Abstraction

Uniformity
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Compositional reasoning



Discussion

29

Resource-sensitive Formalism
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Going forward

Lens-Theoretic Learning beyond gradient-descent
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