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The problem
 

Finding policies  

of a parametric MDP 

that are optimal 

over the whole parameter space. 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The problem
 

Finding policies  

of a parametric MDP 

that are expectation optimal 

(over the whole parameter space). 

 3



The solution
 

Finding policies  

of a parametric MDP 

that are expectation optimal 

(over the whole parameter space) 

amounts to solving a suitable POMDP.
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MDP: Markov Decision 
Process
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Markov Chain MC
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A MC is a pair (S,T) where 
• S is a set of states 
• T: S → 𝒟S is a transition functionPr(❤)=⅐
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Markov Decision Process MDP
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Markov Decision Process MDP

A MDP is a tuple (S,A,T) where 
• S is a set of states 
• A is a set of actions 
• T: S ⨉ A→ 𝒟S is a transition 

function
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Pr(❤)= ?f(🤖)

Markov Decision Process MDP
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Pr(❤)= ?f(🤖)

Markov Decision Process MDP
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Pr(❤)= ?f(🤖)

Markov Decision Process MDP



Policy
A policy 𝜋 for an MDP (S,A,T) is a function 

𝜋: (S ⨉ A)∗ ⨉ S → 𝒟A 

deterministic: only Dirac distributions        𝜋: (S ⨉ A)∗ ⨉ S → A 

memoryless: 𝜋(…s)=𝜋(s)                            𝜋: S → 𝒟A 

simple: deterministic & memoryless           𝜋: S → A 
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Wanted: a policy that optimizes an objective, e.g. reachability



Objective
A policy 𝜋 and initial distribution i gives us a probability space  
                              (Runs, Cones, P𝜋,i ) 
in the usual way. 

Runs   - all infinite runs in (S ⨉ A)𝜔 
Cones - the 𝜎 algebra generated by the  
              sets of runs with a common finite prefix (history) 
P𝜋,i      - the usual measure on cones 

A Borel objective is a measurable function 
                                  r: Runs → ℝ
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Objective
A Borel objective is a measurable function  
                                  r: Runs → ℝ 

Rewards R: S ⨉ A → ℝ induce Borel objectives via  
                rR(s0,a0,s1,a1,…) = ∑i≥0 R(si,ai) 

Finite horizon variants 
                rR,k(s0,a0,s1,a1,…) = ∑0≤i≤k R(si,ai)  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Reachability objectives are a special case:

Reachability probability = Expectation of reachability objective



Optimal policy
An optimal policy is a policy 𝜋 with 
                      E𝜋,i(r) = sup𝜎 E𝜎,i(r) 

An optimal policy not always exists, but ε-optimal do: 

A policy is ε-optimal if E𝜋,i(r) is ε-close to sup𝜎 E𝜎,i(r)
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The expectation of 𝜋 The value of r
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Markov Decision Process MDP

Pr(❤)=
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Markov Decision Process MDP

Prsup(❤)=



Parameters
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pMDP: parametric MDP
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Parametric Markov Decision 
Process pMDP
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A pMDP is a tuple (S,A,X,T) where 
• S and A are states and actions 
• X is a a parameter space
• T: S ⨉ A ⨉ X → 𝒟S
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Pr(❤)=

Parametric Markov Decision 
Process pMDP
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Pr(❤)=
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Parametric Markov Decision 
Process pMDP
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Expectation optimality



Expectation optimality
A policy 𝜋, initial distribution i and a distribution over the 
parameters d, gives us a  parametric probability space  
                              (RunsX, ConesX, P𝜋,i,d ). 

RunsX   - disjoint union of the runs for all parameter values  
ConesX - the 𝜎 algebra generated by the disjoint union of  
               cones for all parameter values  
P𝜋,i,d      - the d-convex combination of the individual  
               measures on cones
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Expectation optimal policy

An expectation optimal policy is a policy 𝜋 with 
                      E𝜋,i,d(r) = sup𝜎 E𝜎,i,d(r) 

An optimal policy not always exists, but ε-optimal do:  
 
A policy is expectation ε-optimal if 

E𝜋,i,d(r) is ε-close to sup𝜎 E𝜎,i,d(r)

 32
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How to compute these 
policies?
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POMDP: Partially 
Observable MDP
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Partially Observable MDP POMDP
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Partially Observable MDP POMDP

A POMDP is a tuple (S,A,T,𝛺,O) where 
• (S,A,T) is an MDP 
• 𝛺 is a set of observations 

• O: S→𝛺 is the observation function

A POMDP policy 𝜋 is a function 
𝜋: (𝛺 ⨉ A)∗ ⨉ 𝛺 → 𝒟A

 Encoding main idea:
put parameter into POMDP states 

observe only pMDP states
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The Encoding
Given a pMDP M (S,A,X,T) we construct  
the POMDP M’ (S’,A’,T’,𝛺,O), where  
 
S’ = S ⨉ X 
A’ = A 
T’((s,x),a)(s’,x’) = T(s,a)(x)(s’) ∙ 𝛿x(x’)  
𝛺 = S  
O((s,x)) = s 

Note: There is a 1-1 correspondence between the 
policies of M and M’.
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Correctness

Theorem: 
Given a pMDP M and its POMDP encoding M’: 

every ε-optimal policy of M’ is an  
ε-expectation optimal policy for M, 

 and vice versa.
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 Hence we can use off-the-shelf POMDP tools to 
compute expectation optimal pMDP policies.



Tools
• Work for finite horizon reward objectives 

• Online and Offline algorithms 

• AI-Toolbox 

• Incremental Pruning (IP) 

• Point Based Value Iteration (PBVI)

 44

computing 𝜀-optimal policies for 
infinite horizon POMDPs is 

undecidable

Prism model → STORM → AI-Toolbox  
via Python interfaces



Experimental Results

 45



points states time (s) value nodes
2 14 0.001 1 3
5 35 0.003 0.75 7
10 70 0.005 0.703 7
20 140 0.008 0.684 7
50 350 0.025 0.673 7
100 700 0.098 0.670 7
200 1400 0.423 0.668 7
500 3500 2.496 0.667 7
1000 7000 9.725 0.667 7

(a) h = 3 (i.e. without repeating)

h time (s) value nodes
3 0.003 0.704 7
9 0.081 0.732 23

15 0.598 0.745 47
21 2.137 0.752 79
27 6.059 0.756 119
33 13.715 0.760 167
39 30.324 0.762 223

(b) 10 points

Table 1. IP results for (repeated) learner
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Fig. 2. IP and PBVI results for repeated learner

The robot has (up to) 4 actions available: up, down, left, right. The actions are
probabilistic in the sense that with some probability, instead of going forward the robot
may end up in the cell to the left or to the right. We compare two variants: In both variants
there is a parameter p that describes the total error probability. In the 1-parameter variant,
the probability to err left and right is equal to p/2; In the 2-parameter variant we also
include a left-right bias b, resulting in probability p ⇤ b to err left and p ⇤ (1� b) to err
right. If it is not possible to go left or right, then the other option gets probability p. For
example, the action up in cell (1, 1) leads correctly to cell (2, 1) with probability 1� p

and to cell (1, 2) on the right with probability p (as no cell is on the left), in both models.
The action up in cell (1, 2) has the possibility to err left and right, hence shows the
difference between the two models. See [2] for a detailed description of robot-on-a-grid
models. In that terminology, we use the “fixed failure” variant.

Consensus The consensus protocol model is the only PARAM benchmark [23] that has
true nondeterminism in the sense that its policy depends on the parameter values. The
protocol was introduced by Aspnes and Herlihy [3]. The 2-parameter model is exactly
the same as the PARAM model, see [23] for all details. The 1-parameter model depends
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on a parameter p and is obtained by setting p1 = p and p2 = 1 � p, i.e., it is a bias
parameter with average 1/2. We used N = K = 2 and the target state is the state in
which consensus is reached with the preferred value.

Figure 3 and Figure 4 show the experimental results of the robot on a grid, and the
consensus protocol benchmarks, respectively. We only ran PBVI as IP was too slow
and in both cases notice that the runtime grows exponentially with the horizon. The
grid pMDP model has 10 states and 2 parameters, hence the induced POMDP for 10
parameter points has 1000 states. The consensus protocol model has 273 states and
hence the induced POMDP for 5 parameter points has 1365 states.
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Fig. 3. PBVI results for robot on a grid
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Fig. 4. PBVI results for consensus
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Summary
 

Finding policies  

of a parametric MDP 

that are expectation optimal 

(over the whole parameter space) 

amounts to solving a suitable POMDP.

 48

We have a  
proof of concept implementation 

github.com/sarming/pMDP-Toolbox

Thank You!


